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Abstract We prove the dynamical large deviations for a particle system in which particles
may have different velocities. We assume that we have two infinite reservoirs of particles at
the boundary: this is the so-called boundary driven process. The dynamics we considered
consists of a weakly asymmetric simple exclusion process with collision among particles
having different velocities.

Keywords Boundary driven exclusion processes - Large deviations

1 Introduction

In the last years there has been considerable progress in understanding stationary non equi-
librium states: diffusive systems in contact with different reservoirs at the boundary im-
posing a gradient on the conserved quantities of the system. In these systems there is a
flow of matter through the system and the dynamics is not reversible. The main difference
with respect to equilibrium (reversible) states is the following: in equilibrium, the invariant
measure, which determines the thermodynamic properties, is given for free by the Gibbs
distribution specified by the Hamiltonian; on the other hand, in non equilibrium states the
construction of the stationary state requires the solution of a dynamical problem. One of
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the most striking typical property of these systems is the presence of long-range correla-
tions. For the symmetric simple exclusion this was already shown in a pioneering paper by
Spohn [14]. We refer to [5, 7] for two recent reviews on this topic.

We discuss this issue in the context of stochastic lattice gases in a box of linear size N
with birth and death processes at the boundary modeling the reservoirs. We consider the
case when there are many thermodynamic variables: the local density denoted by p, and the
local momentum denoted by py, k =1, ..., d, d being the dimension of the box.

Let the set of possible velocities, V, be a finite subset of R4, and for a point x =
(x1,...,x5) € RY, let ¥ = (x2,...,x4). The model which we will study can be infor-
mally described as follows: fix a velocity v € V, an integer N > 1, and boundary densities
0 <ay(-) <1and 0 < B,(-) < 1; at any given time, each site of the set {1,..., N — 1} x
{0,..., N — 1}~ is either empty or occupied by one particle at velocity v. In the bulk,
each particle attempts to jump at any of its neighbors at the same velocity, with a weakly
asymmetric rate. To respect the exclusion rule, the particle jumps only if the target site at
the same velocity v is empty; otherwise nothing happens. At the boundary, sites with first
coordinates given by 1 or N — 1 have particles being created or removed in such a way that
the local densities are «,(¥) and 8,(X): at rate «,(x/N) a particle is created at {1} x {X}
if the site is empty, and at rate 1 — o, (X) the particle at {1} x {x} is removed if the site is
occupied, and at rate 8,(X) a particle is created at {N — 1} x {x} if the site is empty, and at
rate 1 — B,(x) the particle at {N — 1} x {x} is removed if the site is occupied. Superposed
to this dynamics, there is a collision process which exchange velocities of particles in the
same site in a way that momentum is conserved. Similar models have been studied by [1, 8,
11]. In fact, the model we consider here is based on the model of Esposito et al. [8] which
was used to derive the Navier-Stokes equation. It is also noteworthy that the derivation of
hydrodynamic limits and macroscopic fluctuation theory for a system with two conserved
quantities have been studied in [4].

The hydrodynamic limit for the above model has been proved in [12]. The hydrodynamic
equation is derived from the underlying stochastic dynamics through an appropriate scaling
limit in which the microscopic time and space coordinates are rescaled diffusively. The
hydrodynamic equation thus represents the law of large numbers for the empirical density
of the stochastic lattice gas. The convergence has to be understood in probability with respect
to the law of the stochastic lattice gas. Once it is established, a natural question is to consider
large deviations from the hydrodynamic limit.

This article thus provides a derivation of the dynamical large deviations for this model. As
usual, the main difficulty appears in the proof of the lower bound where one needs to show
that any trajectory A,, 0 <t < T, with finite rate function, /7 (1) < oo, can be approximated
by a sequence of regular trajectories {A" : n > 1} such that

A= X and Ir(\") — Ir (V). (1.1)

To avoid this difficulty, we follow the method introduced in [9]. It is well known that
if Ir (L) < o0, then there exists an external field H associated to X, in the sense that A
solves a hydrodynamic equation perturbed by the external field H. The strategy of [9] is to
approximate the external field H by a sequence of smooth functions, H,, and then to show
that the corresponding weak solutions of the hydrodynamical equations perturbed by H,
converge to A in the sense (1.1).

The main difference of our proof with respect to theirs, is that their proof of the con-
vergence (1.1) relied on some energy estimates that we were not able to achieve due to the
presence of velocities. Therefore, we had to overcome this problem by taking an alternative
approach at that part. More specific details are given in Sect. 5.
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The article is organized as follows: in Sect. 2 we establish the notation and state the
main results of the article; in Sect. 3, we review the hydrodynamics for this model, that was
obtained in [12]; in Sect. 4, several properties of the rate function are derived; Sect. 5 proves
the I7(-|y)-density, which is a key result for proving the lower bound; finally, in Sect. 6 the
proofs of the upper and lower bounds of the dynamical large deviations are given.

2 Notation and Results

Fix a positive integer d > 1, and denote by D? the open set (0, 1) x T¢~!, where T* is the
k-dimensional torus (R/Z)* = [0, 1)¥, and by T the boundary of D9: T" = {(ui, ..., ug) €
[0,1] x T4 ' u; =0or 1}.

For an open subset A of R x T¢~!, C"™(A), 1 <m < 400, stands for the space of m-
continuously differentiable real functions defined on A. Let Cj' (A) (resp. C'(A)), 1 <m <
400, be the subset of functions in C"(A) which vanish at the boundary of A (resp. with
compact support in A).

For each integer N > 1, denote by T;{,ﬁl = (Z/NZ)"‘1 ={0,..., N — 1}¢!, the discrete
(d — 1)-dimensional torus of length N. Let Dﬁ ={l,...,N—1}x ’]I",{,_1 be the cylinder in Z¢
of length N — 1 and basis ’H“,{,‘l andlet 'y ={(x1,...,x7) €Z x ’H“,{,‘l s xp=1or (N —1)}
be the boundary of Dj‘f,.

Let V C R? be a finite set of velocities v = (vy, . . ., vg). Assume that V is invariant under
reflexions and permutations of the coordinates:

Wiy Vst =V, Vig, ... Ug)  and (Vorys - -+, Vo(a)) 2.1

belong to V for all 1 <i <d, and all permutations o of {1,...,d}, provided (v, ..., vy)
belongs to V.

On each site of D¢, at most one particle for each velocity is allowed. We denote: the
number of particles with velocity v at x, v eV, x € De, by n(x,v) € {0, 1}; the number
of particles in each velocity v at a site x by 1, = {n(x, v); v € V}; and a configuration by
n = {n.; x € D}}. The set of particle configurations is Xy = ({0, 1}V)Pi,

On the interior of the domain, the dynamics consists of two parts: (i) each particle of
the system evolves according to a nearest neighbor weakly asymmetric random walk with
exclusion among particles of the same velocity, and (ii) binary collision between particles
of different velocities. Let p(x, v) be an irreducible probability transition function of finite
range, and mean velocity v:

pr(x, v) =v.

The jump law and the waiting times are chosen so that the jump rate from site x to site x +y
for a particle with velocity v is

1< 1
Py(y.v) =5 3 Bre; 8y e)) + P00,
j=1

where §, , stands for the Kronecker delta, which equals one if x =y and O otherwise, and
{el, ..., ey} is the canonical basis in R¢.
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2.1 The Boundary Driven Exclusion Process

Our main interest is to examine the stochastic lattice gas model given by the generator £y
which is the superposition of the boundary dynamics with the collision and exclusion:

Ly =N{LY + L5 + L1, (22)

where £5, stands for the generator which models the part of the dynamics at which a particle
at the boundary can enter or leave the system, £, stands for the generator which models the
collision part of the dynamics and lastly, £%; models the exclusion part of the dynamics. Let
f be a function on X . The generator of the exclusion part of the dynamics, £, is given
by

LSHM =Y Y 00,01 =n v)Py(z—x, LF ) = O],
UEVX-ZED,d\,
where
n(y,v) ifw=vandz=x,
Y (z,w)=4 nx,v) fw=vandz=y,
n(z, w) otherwise.

The generator of the collision part of the dynamics, £, is given by

Ly NHM =Y > pl.g L") = F],

yeD% 4€Q
where Q is the set of all collisions which preserve momentum:
Q={g=w,wv,w)eViv+w=1v+w},
the rate p(y, ¢, n) is given by

P, g, M) =0y, v)n(y, w1 —n(y, VI =y, w)Hl,

and for ¢ = (vo, vy, v2, v3), the configuration 7”9 after the collision is defined as

: n(y,vj42) ifz=yandu=v; forsome0 < j <3,
n" 4z, u) = _
n(z, u) otherwise,

where the index of v;;, should be taken modulo 4. Particles of velocities v and w at the
same site collide at rate one and produce two particles of velocities v’ and w’ at that site.
Finally, the generator of the boundary part of the dynamics is given by

Lo = 33 o G/ =, v)]+ (1 = o, G/ NG L@ n) — f ()]

xeDﬁ\], vey
x1=1

+ > D IBGE/NIL = n(x,v)]

d vey
xeDy v
x1=N-1

+ (1= Bo(xX/N)n(x, vILf (@n) = fF(],
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where X = (x2, ..., Xx4),

1—nx,w), fw=vandy=ux,

o5 w) =
) ny,w), otherwise

and for every v € V, a,, B, € C2(T?"!). We also assume that, for every v € V, a, and B,
have images belonging to some compact subset of (0, 1). The functions «, and 8,, which
affect the birth and death rates at the two boundaries, represent the densities of the reservoirs.

Note that time has been speeded up diffusively in (2.2). Let {n(¢); t > 0} be the Markov
process with generator Ly, and let D(R,, X ) be the set of right continuous functions
with left limits taking values on X . For a probability measure 1 on X, denote by P, the
measure on the path space D(R,, Xy) induced by {n(¢); ¢ > 0} and the initial measure .
Expectation with respect to P, is denoted by E,,.

2.2 Mass and Momentum

For each configuration & € {0, 1}V, denote by y(&) the mass of £ and by I;(§),k=1,...,d,
the momentum of &:

LE =) &v), LE=) uE).

vey vey

Set I(§):=(Iy(§), ..., 1;(§)). Assume that the set of velocities is chosen in such a way that
the unique quantities conserved by the random walk dynamics described above are mass and
momentum: y_ _ D, I(n,). Two examples of sets of velocities satisfying these conditions
can be found at [8].

For each chemical potential A = (Ao, ..., Ay) € R?*!, denote by m, the measure on
{0, 1}V given by

1
m; (§) = zn exp{A- 1(§)}, 23)

where Z()A) is a normalizing constant. Note that m, is a product measure on {0, 1}”, i.e.,
that the variables {£(v); v € V} are independent under 1, .
Denote by ui\’ the product measure on X, with marginals given by

¥ {n n(x, ) = £} = my (6),

for each £ in {0,1}Y and x € Dj‘f,. Note that {5(x, v); x € D%, v € V} are independent vari-
ables under p11', and that the measure p}' is invariant for the exclusion process with periodic
boundary condition.

The expectation under ,u’lv of the mass and momentum are given by

pA) = E nllo()]= )6,

vey
pe@) = E v Lm0l =) v, (A).
vey

In this formula 6, (A) denotes the expected value of the density of particles with velocity v
under m; :
exp{ho + Xy Mevi)

0, A) = Eml[ 1= .
® W 1+exp{ho + Y Aevid
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Denote by (p, p)(A) := (p(A), p1(XA), ..., ps(X)) the map that associates the chemical
potential to the vector of density and momentum. It is possible to prove that (p, p) is a
diffeomorphism onto {4 C R?*!, the interior of the convex envelope of {I(£); & € {0, 1}V}.
Denote by A = (A, ..., Ag) : 4 — RY*! the inverse of (p, p). This correspondence allows
one to parameterize the invariant states by the density and momentum: for each (p, p) in
we have a product measure v/’,\fp = MX(p,p) on Xy.

2.3 Dynamical Large Deviations

Fix T > 0, let M_ be the space of finite positive measures on D¢ endowed with the weak
topology, and let M be the space of bounded variation signed measures on D endowed
with the weak topology. Let M, x M be the cartesian product of these spaces endowed
with the product topology, which is metrizable. Let also M be the subset of M, x M of
all absolutely continuous measures with respect to the Lebesgue measure satisfying:

MO = {7 e My x M t(du) = (p, p)(w)du, and (p, p) € 4, ae.}.

Note that if (p, p) € 4, then 0 < p(u) < |V|, |pr(w)| < 0|V|,k =1,...,d, where v =
max,cy v;. Let D([0, T], M4 x M%) be the set of right continuous functions with left limits
taking values on M x M endowed with the Skorohod topology. MV is a closed subset of
M, x M? and D([0, T], M°) is a closed subset of D([0, T], M, x M¢?). For a measure
7w € M, denote by (r, G) the integral of a function G with respect to 7.

Let Q7 = (0, T) x D¢ and Q7 = [0, T] x D?. For 1 <m, n < 400, denote by C""(Q7)
the space of functions G = G,(u) : Qr — R with m continuous derivatives in time and
n continuous derivatives in space. We also denote by Cg’ (Qr) (resp. C2°(S27)) the set of
functions in C™"(Q7) (resp. C°>°(Q7)) which vanish at [0, T] x T (resp. with compact
support in Q7).

Let the energy Q : D([0, T], M%) — [0, co] be given by

d d T T
Qm)=Y_>" sup {2/ dz<pk,,,aul.G,)—/ dt/ G(t,u)zdu}.
0 0 D

k=0 i—1 GEC&(Qr)

where py ;(u) = pi(t, u) and po,(u) = p(t, u).
Let Qﬁ(l)‘z(QT) be the set of vector valued function G = (G°, ..., G%) :[0,T] x D? —
R4*!, with each coordinate Gy in C(l)’z(ﬁTt), k=0,...,d.Foreach G € QZ(I)’Z(Q_T) and each

measurable function y = (oo, py) : D¢ — I, let fG = JAG,%T : D([0, T, M°) — R be the
functional given by

Jo () :/IG(T, u) - (o, p)(T, u)du —/dG(O,u%(po,Po)(u)du
De D

T 1 d
—/0 "’/d du{(p, P)t.10) - 0,G(t.w0) + S (p. )t u) - Y0, G, u)}

i=1

1 [T 1 [
+ —/ dt/ dSb(u) - 9, G(t,u) — —/ dt/ dSa(u) - 9,,G(t,u)
2 Jo {1}xTd~1 2 Jo {0}xTd~1

d

T
+/ dt/ du v xu(p. p) Y _vid, Gt,u)
0 D4

vey i=1

T d :
—/ dt/ du Z(kaauin(u)> Xv(pv p),
0 DA

veV \k=0
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664 J. Farfan et al.

where x(r) = r(1 — r) is the static compressibility, x,(-) = x(0,(A(:))), for u =
Wy, ...,ug) €RY, = (uy, ..., ug), m(du) = (p, p)(t,u)du, and dS is the Lebesgue mea-
sure on T¢~!. Define Jg = Jg .7 : D([0, T], M4 x M%) — R by

Jo(m), ifw e D(0,T], M°),
Jo(m) = .
+00, otherwise.

We define the rate functional I7(-|y) : D([0, T], M, x M%) — [0, +00] as

sup  {Jo(m)}, if Q@) < o0,
Ir(zly) = { Ge¢5 @0
+00, otherwise.

We now present the main result of this article, whose proof is given in Sect. 6, which is the
dynamical large deviations for this boundary driven exclusion process with many conserved
quantities.

Theorem 2.1 Fix T > 0 and a measurable function y = (py, p,) : D? — 4. Consider a
sequence 0™ of configurations in Xy associated to y in the sense that:

(M), G) = /

G (u)po(u) du,
pd

lim
N—o00
and

lim (7Y (n"), G) :/ G pr(wdu, k=1,...,d,
N—oo Dd

for every continuous function G : D — R. Then, the measure o, =P (@MH)~!
D([0, T], My x M%) satisfies a large deviation principle with speed N¢ and rate func-

tion Iy (-|y). Namely, for each closed set C C D([0, T], M4 x M%),

on

— 1 .
Jim —10g 0,v(C) < — inf Ir(xly)
and for each open set © C D([0, T], M, x M?),

.1 .
lim Wlog o,n(0) > —nlg(fo Ir(mly).

N—o0

Moreover, the rate function I (-|y) is lower semicontinuous and has compact level sets.

3 Hydrodynamics

Fix T > 0 and let (B, | - ||3) be a Banach space. We denote by L>([0, T], B) the Banach
space of measurable functions U : [0, T] — B for which

T
2 2
0o = [ N0 <oc.
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Moreover, we denote by H'(D?) the Sobolev space of measurable functions in L>(D¢) that
have generalized derivatives in L>(D?).
For x = (x1, %) € {0, 1} x T¢"!, let

a(X) = ey (0 (%), 10y (%), ..., vaety (X)), if x; =0,
d(x) = 3.1
b(f) = Zvev(ﬂv(i)s vlﬂv(-i)a LR vdﬂv(jz))7 if X1 = 1.

Fix a bounded density profile py : DY — R,, and a bounded momentum profile p, :
D¢ — R?. A bounded function (p, p) : [0, T] x DY — R, x R? is a weak solution of the
system of parabolic partial differential equations

at(p’ p) + ZUEV ﬁ[v ' va(pv p)] = %A(,O, p)a
3.2)

(p, P)(O0,-) = (po, P))() and (o, p)(t,x) =d(x), x€{0,1} x T,

if for every vector valued function H € @é’2(9_7), we have

H T w) - (o, p)(Towydu — | H(O,u) - (po, po) (w)du
D DA

T 1 d 5
=A dtfl)ddui(p,p)(t,u)~3tH(t,u)+E(p,p)(t,u)'zauiH(t,u)}

i=1

1T 17
——/ dt/ dSb(ﬁ)~8u]H(t,u)+—f dt/ dSa(n) -0, H(t,u)
2 Jo (1}xTd—1 2 Jo {0pxTd~1
T d
[Car [ dw Y wnom Y v
0 D4

vey i=1

We say that the solution (p, p) has finite energy if its components belong to L2([0, T], H' (D?)):

T
/ ds(/ IVp(s, u)||2du> < 00,
0 Dpd
T
/ dS(/ ||Vpk(5,u)||2du> < 00,
0 D4

fork=1,...,d, where V f represents the generalized gradient of the function f.
In [12] the following theorem was proved:

and

Theorem 3.1 Let (uV)y be a sequence of probability measures on Xy associated to the
profile (po, py) in the sense of Theorem 2.1. Then, for every t > 0, for every continuous
function H : D — R vanishing at the boundary T', and for every § > 0,

1
2 H(%)h(m(r)) —/DdH(u)p(r,uwu

- d
xeDy

>8:|:0,

Jim £
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666 J. Farfan et al.

>81|:0,

andfor1 <k <d

lim P,~ |:
N—oo

1
> H(%)Ikmx(t)) —/DdH(u)pka,u)du

d
xeDy

where (p, p) has finite energy and is the unique weak solution of (3.2).

4 The Rate Function I7(-|y)

We examine in this section the rate function I7(-|y). The main result, presented in Theo-
rem 4.6 below, states that I7(-|y) has compact level sets. The proof relies on two ingredi-
ents. The first one, stated in Lemma 4.2, is an estimate of the energy and of the H_; norm
of the time derivative of a trajectory in terms of the rate function. The second one, stated in
Lemma 4.5, establishes that sequences of trajectories, with rate function uniformly bounded,
which converge weakly in L? converge in fact strongly. We follow the strategy introduced
in [9].

Let V be an open neighborhood of D¢, and consider, for each v € V, smooth func-
tions «; : V. — (0,1) in C*(V), for k =0,...,d. We assume that the restriction of
K=Y ek vikl, ... vgk}) to {0} x T?~! equals the vector valued function a(-) defined
in (3.1), and that the restriction of x to {1} x T¢~! equals the vector valued function b(-),
also defined in (3.1), in the sense that « (x) = d (x;, X) if x € {0, 1} x T¢"L,

Let L?(D“) be the Hilbert space of functions G : D — R such that [, |G (u)|*du < oo
equipped with the inner product

(G, F) 2/ Gu) F(u)du,
Q

and the norm of L?(D?) is denoted by || - ||».
Recall that H'(D?) is the Sobolev space of functions G with generalized derivatives
0,,G,...,0,,Gin L*(D%). H'(D%) endowed with the scalar product (-, -)1 5, defined by

7]
d
(G, F)12=(G, F), Z 3, G. 3, F)a,

is a Hilbert space. The corresponding norm is denoted by || - || »-

Recall also that we denote by C®°(D9) the set of infinitely differentiable functions
G : DY — R, with compact support in D?. Denote by H}(D?) the closure of C>°(D?)
in H'(D?). Since D is bounded, by Poincaré’s inequality, there exists a finite constant C
such that for all G € Hj (D)

d
IGI3<C) (3G, 8., G)a
=1
This implies that, in H, (D?)

d 1/2
IGIl120 = {Z 3,,G. d,,G) }
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is a norm equivalent to the norm || - ||; 2. Moreover, HO1 (DY) is a Hilbert space with inner
product given by

d
(G. I)120=) (8u,G. 84, )2
j=1

To assign boundary values along the boundary T" of D¢ to any function G in H'(D9), re-
call, from the trace Theorem [15, Theorem 21.A.(e)], that there exists a continuous linear op-
erator Tr: H'(D?) — L2(I"), called trace, such that Tr(G) = G|r if G € H'(D?) N C(D?).
Moreover, the space Hj (D) is the space of functions G in H'(D“) with zero trace [15,
Appendix (48b)]:

Hy (DY) ={G € H'(D"); Tr(G) =0}.

Finally, denote by H~!(D?) the dual of H}(D?). H~'(D?) is a Banach space with norm
Il - ll-1 given by

lvlZ, = sup {2<v,G>_1,1—fdnvc(u)nzdu},
D'

Gec®(D4)

where (v, G)_; ; stands for the values of the linear form v at G.
For each G € C2°(27) and each integer 1 <i <d, let ka : D([0, T], M°) — R be the
functional given by

T
Qic,k(ﬂ)ZZ/ dt(rf, d,,G,) /dt/ duG(t,u)’,
0

1
ey

where 7 = (7%, 7!, 7). Recall, from Sect. 2.2, that the energy Q(m) is given by

d d
Qm) =) Y Qulr), with Qix(m)= sup QF(m).
k=0 i=1

GeC(Qr)

The functional ka is convex and continuous in the Skorohod topology. Therefore Q; 4
and Q are convex and lower semicontinuous. Furthermore, it is well known that a measure
7(t,du) = (p, p)(t,u)du in D([0, T], M4 x M?) has finite energy, Q(7) < oo, if and
only if its density p and its momentum p belong to L?([0, T], H'(D?)). In which case

d T
Qm) =) / di / du ||V prs(w)|)* < oo,
=0 0 Dd

where po,(u) = p(t, u).

Let D, = D, 4 be the subset of C([0,T], M?O) consisting of all paths 7 (t,du) =
(p, p)(t,u)du with initial profile y (-) = (o, py)(-), finite energy Q () (in which case p,
and p, belong to H'(D?) for almost all 0 <¢ < T and so Tr(p,) is well defined for those ?)
and such that Tr(p,) = dp and Tr(p,) =di, k=1, ...,d, for almost all ¢ in [0, T], where
d(:)=(do(-),di (), ..., da(")).

Lemma 4.1 Let  be a trajectory in D([0, T, My x M?) such that I (r|y) < oo. Then
7 belongs to D,,.
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668 J. Farfan et al.

Proof Fix a path 7 in D([0, T], M, x M%) with finite rate function, I (|y) < co. By
definition of I,  belongs to D([0, T], M°). Denote its density and momentum by (p, p):
w(t,du) = (p, p)(t,u)du.
The proof that (o, p)(0, -) = y(-) is similar to the one of Lemma 3.5 in [6], and the proof
that Tr(p,) = do, Tr(pr,) =di, k=1, ...,d, s similar to the one found in Lemma 4.1 in [9].
We deal now with the continuity of 7. We claim that there exists a positive constant C,
such that, for any g € [C®(D9)]?*!,andany 0 <s <r < T,

(70, 8) — (75, @) < Co(r =) VHC 1 + Ir (xly) + 11811 50 + (=) 21 Mg} (4.1)

Indeed, for each § > 0, let % : [0, T] — R be the function given by

0 if0<t<sorr+6<t<T,
s ifs<t<s+3$§
12,6/ _ ) 5 ms=71= )
r—s 1) =
( Y0 1 ifs+6<t<r,

1-5 ifr<t<r+3,

and let G%(¢,u) = 3 (¢)g(u), where ¥2(-) is the standard e-mollification of °(-). Since
Gi is in Q(l)’z(Q_T), we have

(r = 9" il oy ) = () — ) — [ it 8g)
—0e— s

s d
+/ dt/ddu25'Xv(PaP)Zviau,»g(”)
r D 1

vey i=

1 r
_7(r—s)1/2/5 dthdduZ

vey

d 2
(Z vkau,.gk(u)> X (0, P).

k=0

To conclude the proof, we observe that the left-hand side is bounded by (r —
HV2Ir(|y), that x is positive and bounded above on [0, 1] by 1/4, and finally, we use
the elementary inequality 2ab < a® + b>. O

Denote by L([0, T, Hj (D?))* the dual of L*([0, T], Hy (D?)). By Proposition 23.7

in [15], L*([0, T1, H} (D?))* corresponds to L*([0, T1, H~'(D?)) and for v in L?([0, T],
H}(DY))*, G in L*([0, T1, Hi (D)),

T
(v, G -1 :/ (v, Gi) - dt, (4.2)
0

where the left hand side stands for the value of the linear functional v at G. Moreover, if we
denote by ||v]|-; the norm of v,
T
2 2
vl = / o llZ, dz.
0

Fix a path 7 (t, du) = (p, p)(t, u)du in D, and suppose that for k =0, ...,d

T T
sup {2/ dz<pk,,,atG,>2—/ dz/ du||VG,||2} < 00. 4.3)
GeC(Qr) 0 0 D
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In this case, for each k, 9, pi : C2°(R27) — R defined by

T
31Pk(G):_/ (Dr,i> 0:Gy)odt
0

can be extended to a bounded linear operator 9 p; : L([0, T1, HO1 (D) — R. It belongs
therefore to L2([0, T1], Hol (D)* = L*([0, T], H~'(D%)). In particular, there exists v* =
{vk;0 <t < T}in L%([0, T], H'(D%)), which we denote by v* = 3, p; ,, such that for any
G in L*([0, T1, Hj (D)),

T
(3, pes G 11 = / (0 Pross Gi) 1.1 dt.
0

Moreover,

T
019 pell? 2/ 19 prs 112, dt
0

T T
= sup {2/ dt(pk‘t,B,G,)z—/ dt/ duIIVthlz}.
GeCX(Qr) 0 0 D4

Denote by (3;(p, p), -Y)_1.1 : L*([0, T1, [HO' (D14*") — R the linear functional given
by

d
(3 (0, p), G110 =Y {0 pr G*) 1.1,
k=0
with G = (G°, ..., G%), and
19, o, I, = Z 10, Pl -
=0

Let W be the set of paths 7 (t, du) = (p, p)(t, u)du in D, such that (4.3) holds, i.e., such
that 9, p; belongs to L>([0, T1, H~'(D?)). For G in L*([0, T, [H} (D)]**"), let Jg : W —
R be the functional given by

17 4
Tom) = (@ pGov+ 5 [t [ aud 0,60 p00 0,60
0 D i=1

d
/ dt/pddu Zv X“(p’P)vaauiG(t,u)

vey i=1
/ d / du Y0+ 8,G,(0) 10, ),
vey

Note that Jg () = Jg () for every G in C>°(Q7) x [CZ(D!)]. Moreover since J. ()
is continuous in L>([0, T'1, [H} (D?)]**!) and since C°(Q2r) is dense in C;*(Q2r) and in
L*([0, T1, Hy (D%)), for every 7 in W,

Ir(mly) = sup Jo(m) = sup Je(m). 4.4
GeCX(Qr)x[c (DD GeL2([0.T1,[H} (DT)}d+1)
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Lemma 4.2 There exists a constant Cy > 0 such that if the density and momentum (p, p) of
some path w(t,du) = (p, p)(t, u)du in D([0, T], M°) has generalized gradients, V p and
Vpi,k=1,...,d. Then

8, (o, PIE, < Cotlr Grly) + Q). @45)
d T
> [ar [ aupwl < cattrriyy+ 1, 4.6)
k=00 D4

where py = p.

Proof Fix a path n(z,du) = (p, p)(t, u)du in D([0, T], M°). In view of the discussion
presented before the lemma, we need to show that the left hand side of (4.3) is bounded by
the right hand side of (4.5). Such an estimate follows from the definition of the rate function
It (-]y) and from the elementary inequality 2ab < Aa®> + A~'b?.

To prove (4.6), observe that

1 T d
17<n|y>210(n>=a,n<c>+—/ dt/ duy 9, (p.p) - 9,G
2Jo bt o

T d
+/0 dt/dduZXv(Pvp)Zﬁ'(Uiaul-G)
D 1

vey i=

T d
[ Car [ Y > @8,67 00
0 D

veV i=I1

1 T d T d
zan(G)+—/ dtf du aui(p,p)-au,.c—c/ dt/ du |VGH|?,
' 2 Jo D4 ; 0 D4 kzz(;

where C is constant obtained from the elementary inequality 2ab < a® + b2, the fact that V
is finite, and that x is bounded above by 1/4 in [0, 1].

Recall the definition of the function « given at the beginning of Sect. 4. Now, consider
G = K (7 —«), K > 0 being a constant, and note that = —  belongs to L*([0, T'], H} (D?)),
which implies that it may be approximated by CZ° functions. Therefore [0,7(G)| =
K|(mr, 7 /2 — k) — (70, T0/2 — k)|, which is bounded from above by some constant C.
‘We, then, obtain that

r K< K&
Im)> | dt | dul—Ci+~= Vo> = =) 8,(0.p) -8,
(m_/o fD u{ 1+2k§n el 2; (0u D) - Bk

d
—CKZZW(pk—xk)nz}

k=0

T d d
K
> [Car [ kpa-2ekn S wpie - 5 19
0 b k=0 k=0

d
—2CK* ) Vil _Cl}v
k=0

@ Springer



Dynamical Large Deviations for a Boundary Driven Stochastic Lattice 671

where in the last inequality we used the Cauchy-Schwartz inequality and the elementary
inequality 2ab < a® + b?. The proof thus follows from choosing a suitable K, the estimate
given in (4.5), and the fact we have a fixed smooth function «. O

Corollary 4.3 The density (p, p) of a path n(t,du) = (p, p)(t,u)du in D([0, T], M)
is the weak solution of (3.2) and initial profile y if and only if the rate function I (w|y)
vanishes. Moreover, if any of the above conditions hold, w has finite energy (Q(mw) < 00).

Proof On the one hand, if the density (p, p) of a path n(¢,du) = (p, p)(t,u)du in
D([0, T, M°) is the weak solution of (3.2) with initial condition is y, in the formula
of fG (), the linear part in G vanishes which proves that the rate functional I7(w|y)
vanishes. On the other hand, if the rate functional vanishes, the path (p, p) belongs to
L2([0, T, [H'(D%)]%*") and the linear part in G of Jg (7r) has to vanish for all functions G.
In particular, (p, p) is a weak solution of (3.2). Moreover, if the rate function is finite, by
the previous lemma, 7 has finite energy. Accordingly, if 7 is a weak solution, we have from
Theorem 3.1 that it has finite energy. a

For each g > 0, let E, be the level set of I7 (7 |y) defined by
E, ={m € D([0, T], My x M%); Iy (x|y) <q}.

By Lemma 4.1, E, is a subset of C([0, T], M?0). Thus, from the previous lemma, it is easy
to deduce the next result.

Corollary 4.4 For every g > 0, there exists a finite constant C(q) such that

d T
sup {|||3t(,0, Pl + Z/ dl/ Idu||VPk(t, u)||2} =C(g).
k=070 b

neEy

Next result together with the previous estimates provide the compactness needed in the
proof of the lower semicontinuity of the rate function.

Lemma 4.5 Let {p"; n > 1} be a sequence of functions in L*(Q7) such that uniformly on n,

T T
/ drllp; 117 , +/ dr||d,pl'l2, < C
0 0

for some positive constant C. Suppose that p € L*(Q7) and that p" — p weakly in L>(Qr).
Then p" — p strongly in L>(Qr).

Proof Since H'(D%) ¢ L*>(D¢) ¢ H~'(D“) with compact embedding H'(D?) — L*(D?),

from Corollary 8.4, [13], the sequence {p,} is relatively compact in L>([0, T], L*(D?)).
Therefore the weak convergence implies the strong convergence in L2([0, 7], L>(D%)). O

Theorem 4.6 The functional I7(-|y) is lower semicontinuous and has compact level sets.
Proof We have to show that, for all ¢ > 0, E, is compact in D([0, T'], My x M9, Since

E, C C([0, T], M°) and C([0, T1, M) is a closed subset of D([0, T'], M), we just need to
show that E, is compact in C ([0, T'], M°).
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We will show first that E, is closed in C([0, T'], M®). Fix g e R and let {7"; n > 1}
be a sequence in E, converging to some 7 in C([0, T, M?9). Then, for all G € C(Qr) x
[c(DHY,

T T
lim dt(n,",G,):/ dt(m;, G;).
n—oo 0 0

Notice that this means that 7% — 7¥ weakly in L*(Qy), for each k =0, ...,d, which

together with Corollary 4.4 and Lemma 4.5 imply that 7* — 7¥ strongly in L2(r). From
this fact and the definition of Jg it is easy to see that, for all G in Qﬁé‘z(Q_T),

lim Jg(,) = Jo (7).
n—0oQo
This limit, Corollary 4.4 and the lower semicontinuity of Q permit us to conclude that

Q(m) = C(q) and that I (7|y) <gq.
We prove now that E, is relatively compact. To this end, it is enough to prove that for

every continuous function G : D — R, and every k =0, ...,d,
lim sup sup |(nf, G)— (zF,G)|=0. 4.7
5_’0neEq 0|§SJ\S§

Since E, C C([0,T], M?D), we may assume by approximations of G in LY(D%) that G €
Cx (D?). In which case, (4.7) follows from (4.1). O

We conclude this section with an explicit formula for the rate function 7 (-|y). For each
(t,du) = (p, p)(t, u)du in D([0, T], M), denote by HO1 (7r) the Hilbert space induced by
€4 (Q2r) endowed with the inner product (-, -), defined by

d T
.6 =33 [t [ auniio.pti-a, 115-0,6) @8)
D!

veV i=l

Induced means that we first declare two functions F, G in Q(l)’z(Q_T) to be equivalent if
(F — G, F — G); =0, and then we complete the quotient space with respect to the inner
product (-, -),. The norm of H(; () is denoted by || - |-

Fix a path 7 in D([0, T], M°) and a function H in HO1 (7r). A measurable function A :
[0,T] x D! = R, x R? is said to be a weak solution of the nonlinear boundary value
parabolic equation

dh+ 0 3 90, ) (v — B8, H)] = L An,
20, =y (), 4.9)
At,x)=d(x),x €{0,1} x T,

if it satisfies the following two conditions:

(i) Fork=0,...,d, A belongs to L%([0, T], H' (D%)):

T
/ds(/ ||ka(s,u)||2du><oo;
0 D4
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(ii) For every function G (¢, u) = G,(u) in C(l)’z(Q_T),

/ G(T,u) - AMT,u)du — f GO, u)-ywm)du
D pd

T d
=/0 dt/;)ddu[A(t,u)~3tG(t,u)+%A(z,u)-igl:ai_G(t,u)]

1T 1T
- —/ dt/ dSb(u) - 9,,G(t,u) + —/ dt/ dSa(it) - 0,,G(t,u)
2 Jo {1}xTd~1 2 Jo {0}xTd~1

T d
- dt d V- (A 0, G (2,
/0 /Ddqux()Zlv,(u)

vey i=

d T
+ZZ/O dt/l)dduxu(k)[ﬁ-auiH][iauiG].

vey i=l1

Uniqueness of solutions of (4.9) follows from the same arguments of the uniqueness
proved in [12].

Lemma 4.7 Assume that w(t,du) = (p, p)(t, u)du in D([0, T], M°) has finite rate func-
tion: Iy (w|y) < oo. Then, there exists a function H in HO1 (r) such that (p, p) is a weak
solution to (4.9). Moreover,

1
Ir(nly) = ZIIHIIf,- (4.10)

The proof of this lemma is similar to the one of Lemma 10.5.3 in [10] and is therefore
omitted.

5 Ir(-]y)-Density

The main result of this section, stated in Theorem 5.5, asserts that any trajectory A,, 0 <t <
T, with finite rate function, I7(A|y) < 0o, can be approximated by a sequence of smooth
trajectories {A"; n > 1} such that

A=A and I (M'y) = Ir(Aly).

This is one of the main steps in the proof of the lower bound of the large deviations principle
for the empirical measure. The proof is mainly based on the regularizing effects of the
hydrodynamic equation. This strategy was introduced in [9].

A subset A of D([0,T], My x M?) is said to be Ir(:|y)-dense if for every m in
D([0, T], My x M?) such that I7(r|y) < oo, there exists a sequence {7w";n > 1} in A
such that 7" converges to w and I7 (" |y) converges to Iy (m|y).

Let I1; be the subset of D([0, T'], M°) consisting of paths (¢, du) = (o, p)(t, u)du
whose density (p, p) is a weak solution of the hydrodynamic equation (3.2) in the time
interval [0, §] for some & > 0.

Lemma 5.1 The set 1 is I7(-|y)-dense.
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Proof Fix n(t,du) = (p, p)(t,u)du in D([0, T], M4 x M) such that I (r|y) < co. By
Lemma 4.1, 7 belongs to C ([0, T], M°). For each § > 0, let (p°, p?) be the path defined as

T(t, u) if0<t<s,
0, POt u) = { (28 — 1, u) if 8 <t <28,
(p, p)(t —28,u) if25<t<T,

where v is the weak solution of the hydrodynamic equation (3.2) starting at y. It is
clear that 7 (t, du) = (p°, p°)(t,u)du belongs to D,, because so do 7 and t and that
Q%) < Q() +29(t) < 0o. Moreover, ° converges to 7 as § |, 0 because 7 belongs to
C([0, T1, M®). By the lower semicontinuity of I (-|y), It (|y) < limg oI (7%|y). Then,
in order to prove the lemma, it is enough to prove that I (;|y) > lims_,o Iy (78ly). To
this end, decompose the rate function Iy (w%|y) as the sum of the contributions on each
time interval [0, 8], [8, 28] and [28, T']. The first contribution vanishes because 7% solves
the hydrodynamic equation in this interval. On the time interval [§, 28], o, pf = —0;Tys_; =
—%Af%—t + ZUGV U[v- Vi (t2s—1)] = —%A(;O,B, P?) + Zuev v[v- VXv(pfv P;S)] In partic-
ular, the second contribution is equal to

d

8 8
sup / dS/ du 8LI,‘ (,07 P) : 8LI,‘ G- / d[/ d“Xu(P’ P)[f) : auiG]zl
Z{ 0 D4 Z 0 pd

Geey*@r) i=1 vev

which, by Lemma 6.5 is bounded from above, and therefore this last expression converges
to zero as & | 0. Finally, the third contribution is bounded by I (r|y) because 7° in this
interval is just a time translation of the path 7. O

Recall the definition of the set { given at the ending of Sect. 2.2. Let I1, be the set of
all paths 7 in IT; with the property that for every § > O there exists € > 0 such that, for
k=0,...,d, d(ntk(~), oil) > € for all ¢ € [§, T'], where o4l stands for the boundary of 4l.

We begin by proving an auxiliary lemma.

Lemma 5.2 Let w, A € U, and let 7€ = (1 — €)w + €A, 0 <€ < 1. Then, for all v € V, we
have

Oy (A () = (1 — )0, (A()) + €6, (A(R)).

Proof Fix some A € 4. Observe that

(Zev(m)), D v (A, ..., Zvdeum(x))) = (0, My ha)

vey veV vey

is a linear system with d + 1 equations and |V| unknowns (given by 6,(A(})), for v € V).
Therefore, any solution of this linear system can be expressed as a linear combination of A;,
i=0,1,...,d. The proof follows from this fact. O

Remark 5.3 In the particular case when d = 1 and the set of velocities is V = {v, —v} C R,
a simple computation gives the unique solution

6, (A (Ao, 11)) A°+Al d 6_,(A(ho, A1) bo
y A1) =—+— and 6_ A =5 —
0> 21 2 " v, A 2
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Lemma 5.4 The set I, is I7(-|y)-dense.

Proof By Lemma 5.1, it is enough to show that each path 7 (¢, du) = (p, p)(t, u)du in IT;
can be approximated by paths in IT,. Fix 7 in IT; and let T be as in the proof of the previous
lemma. Foreach 0 < ¢ < 1, let (p°, p°) = (1 —¢)(p, p) +et,7(t, du) = (p°, p°)(t,u)du.
Note that Q(°) < 0o because Q is convex and both Q(r) and Q(t) are finite. Hence, 7°
belongs to D, since both p and 7 satisfy the boundary conditions. Moreover, It is clear that
¢ converges to 7 as € |, 0. By the lower semicontinuity of /7 (-|y), in order to conclude the
proof, it is enough to show that

N@;olr(ﬂaly)ilr(nw)- (G.D

By Lemma 4.7, there exists H € Hol(rr) such that (p, p) solves (4.9). Let P; () =
Xxv(p, pP)(@ - 9,, H — v;), and note that P; ,(t) = —v; x, (7). Let also

Pfy=(0 =) Piy(m) +ePy(r).

Observe that, by Lemma 4.7,

1 2
Ir(nly)=ZIIHIIn,

and that, using the definition of || - ||, in (4.8),

d T
1 1 } )
A7 = ZZZ/O d’/,)d dux,(p. p) (@ - 8, H)

veV i=l
=12i/Tdf/ 1y Pro )+ vixo(p, p))?
4o Ipa Xv(p, p)

A simple computation shows that

d T
Jo(m) = ZZ[O /d[P,-fv + %0 (0%, POV - 8, G) — xu(p°, P)(@ - 8,,G)
D

vev i=1
d T € € € 2
1 P + v ) Vi
:‘ZZ/ dt/ gy o + X005, PO
4= Y Xo(P€, P)
1 P, + xo(p€, p°) 3 ’
- —’——vxu(p,lf)(%au;G))-
< A v (0, P*)
Let
d T € € € 2
1 [Pf, + xu (0, P©)vi]
AGZ—ZZ/ dtf du Xo (0%, P°) ’
4= Y Xo(P€, P)
and

T 1 Pf, + xo (0%, p©) . )
B.G) = [ ar | au( 2 IXl P e PG -9.,G) ).
@ /0 /D ”(2 gy Ve PG
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This implies that

Ir(m|y) = supJg (7€) = sup{Ac — B(G)*} = Ac — inge(G)2 <A,
G G

where the supremum and infimum are taken over in G in C°(Q27) x [CZ° (DH].
It remains to be shown that A, is uniformly integrable in €. However, this is a simple
consequence of Lemma 5.2. O

Let IT be the subset of I, consisting of all those paths 7 which are solutions of (4.9) for
some H € 6(1)’2(97).

Theorem 5.5 The set I1 is I7(-|y)-dense.

Proof By the previous lemma, it is enough to show that each path 7 in I1, can be approx-
imated by paths in I1. Fix (¢, du) = (p, p)(¢t,u)du in I1,. By Lemma 4.7, there exists
H e HO1 (r) such that (p, p) solves (4.9). Since & belongs to IT, C I1y, (p, p) is the weak
solution of (3.2) in some time interval [0, 25] for some § > 0. In particular, v-9,, H =0 a.e in
[0,281 x D%, i=1,...,d, v € V. This implies, by (2.1), that VH* =0 a.e. in [0, 28] x D¢,
k=0,...,d. On the other hand, since 7 belongs to IT;, there exists € > 0 such that, for
k=0,...,d, d(ntk(-), o) > € for § <t < T. Therefore,

T
/dt/ IVHNw)||*du < oo, k=0,...,d. (5.2)
0 D4

Since H belongs to HO1 (1), there exists a sequence of functions {H" = (H™!, ..., H"%);
n > 1} in €3 (Q7) converging to H in H| (r). We may assume of course that V H;"* = 0 in
the time interval [0, 6], k =0, ..., d. In particular,

T
lim / dt/ du||VH" (u) — VH*w)|*=0, k=0,...,d. (5.3)
n—>oo Jq Dd

For each integer n > 0, let (p", p") be the weak solution of (4.9) with H" in place of H
and set 7" (¢, du) = (p", p")(t,u)du. By (4.10) and since yx is bounded above in [0, 1] by
1/4, we have that

1 d T
Iy =33 Z/O dt{xu (o' p}). (¥ 3, H'))2

veV i=I1

d T
< COZZf dt/ (- 3y, H} ().
0 D¢

veV i=I1

In particular, by (5.2) and (5.3), I7(7"|y) is uniformly bounded on n. Thus, by Theorem 4.6,
the sequence " is relatively compact in D([0, T], M, x M%),

The sequence 7" has a subsequence converging to some 7° in D([0, T], M?). To keep
n(l)tZation simple, we will assume that the sequence 7" converges to 7°. For every G in
€2 (@),
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/ G(T,u)- (p;, pP)(T,u)du —/ GO, u)-y)du
D4 pd

T 1 d
[ ar| du!(p,’ip,")(r,u)'afc;(r,u>+—(pzl,p;1)<r,u>-Za,f.Ga,u)}
0 Dd 2 !

i=1

1T 1T
——/ d:/ dSb(ﬁ)~8u,G(t,u)+—/ dt/ dSa(ii) - 3,,G(t,u)
2 Jo {1}xTd~1 2 Jo {0)xTd~1

T d
—/ dt/ du 5 x (o). P Y vidy, Gt u)
0 pd i=1

vey

d T
+ 0% [ ar [ duxGor ot o, 05 -0,61

vey i=l

Letting n — oo in this equation, we obtain the same equation with 7% and H in place of
" and H", respectively, if

T d
tim [t [ w35 ol Yo it G

vey i=1

T d
=/ dt/ddu25~Xv(p,0,p?)2v,-8uiG(t,u),
0 D

vey i=1

54
d T
tim >3 [dr [ dun(or 1o -0, 1715 9, G
n— 0 D

veV i=l

d T
= ZZ/ dr/ dux, (o), P)IB - 8, HI[B - 3, G-
0 D

veV i=l1

We prove the second claim, the first one being simpler. Note first that we can replace H”
by H in the previous limit, because x is bounded in [0, 1] by 1/4, and (5.3) holds. Now,
(0", p") converges to (p°, p°) weakly in L>(Q7) x [L>(D?)]¢ because 7" converges to 7°
in D([0, T], M°). Since I (7" |y) is uniformly bounded, by Corollary 4.4 and Lemma 4.5,
(0", p") converges to (p°, p°) strongly in L2(Qy) x [L*(D?)]¢ which implies (5.4). In
particular, since (5.2) holds, by uniqueness of weak solutions of (4.9), 7° = 7 and we are
done. O

6 Large Deviations

We prove in this section Theorem 2.1, which is the dynamical large deviations principle for
the empirical measure of boundary driven stochastic lattice gas model with many conserved
quantities. The proof uses some of the ideas introduced in [9].

6.1 Superexponential Estimates

It is well known that one of the main steps in the derivation of the upper bound is a super-
exponential estimate which allows the replacement of local functions by functionals of the
empirical density in the large deviations regime.
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Let « be as in the beginning of Sect. 4. Note that since vY is not the invariant state,
there are no reasons for (—N2Ly f, f ),y to be positive. The next statement shows that this
expression is almost positive.

For each function f: Xy — R, let D,y (f) be

Doy (f) =Dy (f) + Diy (f) + Dy (f),

where
DEN=X 3 ¥ pe-xw [V - VT i,
vey xeD" x+zeD‘i
Dy N=Y ¥ [ ptea [V - VT vl an.
qEQxeDd
and

Dhvfy=) /[av(i/N)(l—n(x,v)>+<1—au(i/N»n(x,v)]

vey d—1
xe{l}x']I‘N

x [V @ vm) = Fa v @dn)

Y > /[ﬂu(i/N)(l —n(x,v)) + A = By(x/N)n(x, v)]

VeV xe(N—1)xTY !

x [V @ vn) = VFa vl @dn).

Proposition 6.1 There exist constants C, > 0 and C, = Cy(a, B) > O such that for every
density f with respect to v¥ , we have

VT APy = =CiDy(f) + CaN'2.

The proof of this proposition is elementary and is thus omitted.
Further, we may choose « for which there exists a constant 6 > 0 such that:

K@y, u) =d0,u) if0=<u <6,

k(up,uy=d(l,a) ifl—0<u <1,

for all # € TY~!. In that case, for every N large enough, v is reversible for the process with
generator £ and then (—N2L% f, ) v is positive.

Fix L > 1 and a configuration 7, let I (x,n) :=I*(x) = (IF(x), ..., I} (x)) be the av-
erage of the conserved quantities in a cube of the length L centered at x:

1
I'"cn=—— > 10y,

|AL| zex+Ap

where, A; ={—L,...,L}¥ and |A;| = (2L + 1)? is the discrete volume of box A .
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For each G € C(Q7) x [C(D?)], and each & > 0, let

d

1 d o
Vts,m) = Nd IS 3, G* (5, x/N) [, V1,

=01i,j= d
k=01,j 1X€DN

where
g 1
Vi = ——— 3" Y w Y pE v)z;7,00,v)[1 =0z v)])
(2@ + l) yeA ey d
Ne V k44
=D vux0)),
veV
and let
1 d d )
VNEm) = ) D0 D D wd Gl (/NG (x/N)
VeV yepd, i=1 jk=0

x {nGe, VI = n(x + e, V] + 70, V[ —nx — e, v)] = 2x,(T(0))}.
Let, again, G € C (Qr) x [C (ﬁ)]d, and consider the quantities
1

d
=S Gk<s,x‘/N)<1k<n<1,;><s>)—kaav@/m),
k=0 %

d—1 vey
xeTy

Vy(s,n,G) =

and

1 d
CVAGES =D Gk(s,i/N)(lkwN_l,;)(s))—kaﬂu(x/N))

k=0 g md—1 veY
xeTy,

Proposition 6.2 Fix G € C(Q7) x [C(DY)4, H in C([0,T] x T') x [C(D)]¢, a cylinder
function W and a sequence {n"; N > 1} of configurations with nV in Xy. For every § > 0,

1 ey
lim lim mloanN[ / V]\([;éj (S, n:)ds
0

e—>0N—o00

>8] = —00,

1
m P [

N—o00

T
/ Vﬁ(s, n, G)
0

>8] = —00,
Jor j=1,2.

The proof of the above proposition follows from Proposition 6.1, the replacement lemmas
proved in [12], and the computation presented in [3], p. 78, for nonreversible processes.

For each ¢ > 0 and 7 in My x M?, for k=0,...,d, denote by E,(m;) = m; the ab-
solutely continuous measure obtained by smoothing the measure 7 :

I m(As(x))

8e(m)(dx) = mi (dx) = AR

)
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680 J. Farfan et al.

where A, (x) = {y € D%; |y — x| < &}, | A| stands for the Lebesgue measure of the set A, and
{U.; ¢ > 0} is a strictly decreasing sequence converging to 1: U, > 1, U, > U, for ¢ > ¢/,
limsw U, =1.Let

N, — N — N —~ N
Ve = (Be(my), Be(mr(), ..., Be(@))).

A simple computation shows that 7V+¢ belongs to M° for N sufficiently large because
U, > 1, and that for each continuous function H : D¢ — R4*!,

(2 H) = % Do HG/N) I (0 + OV o),

xeD;{,
where O(N, ¢) is absolutely bounded by Co{N~! + ¢} for some finite constant Cy depending

only on H. L
For each H in Qé’Z(QT) consider the exponential martingale M defined by

1 t
MtH — exp{Nd[(n,N, H;) _ (n,év, H()) _ _/ eiNd(nSN"H‘v)(as + Nz[,N) eNd<7[5NvH‘v>dS:|}.
0

Recall from Sect. 2.2 the definition of the functional J;. An elementary computation shows
that
MY =exp| N [Ty (") + VI +cly(e) + e, (N7H]). (6.1)

In this formula,

T d T
Vi = —/ Vil (s, m)ds — Zf Vil (s m)ds
0 = Jo
+ Vi (5,10, 80 H) = Viy (5,1, 8y H) + {71g, Ho) — (v, Ho);
and c-,fi Ry — R, j =1,2, are functions depending only on H such that c]fll () converges
to 0 as 8 | 0. In particular, the martingale M is bounded by exp{C (H, T)N“} for some
finite constant C(H, T) depending only on H and T'. Therefore, Proposition 6.2 holds for
P;’N =P,v M in place of P, v.

6.2 Energy Estimates

To exclude paths with infinite energy in the large deviations regime, we need an energy
estimate. We state first the following technical result.

Lemma 6.3 There exists a finite constant Cy, depending on T, such that for every G in
C>(Q2r), every integer 1 <i <d,0 <k <d, and every sequence {n"; N > 1} of configura-
tions with nN in Xy,

— 1 T T
lim m1ogI|«:,7N [exp{Nd/ dt(ntN’k,auiG)}] §Co{1+/0 ||Gt||§dt}.

N—o00 0

The proof of this proposition follows from Lemma 3.8 in [12], and the fact that
ds,/dvY < ™, for some positive constant C = C (k).
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For each G in C**(Q7) and each integer | <i <d, let 0F : D([0, T], My x M%) - R
be the function given by

T T
Qic,k(”)z/ dt(mf,8,,G,) —Co/ dt/ duG(t,u)*.
0 0 pd

Notice that

sup {OF (m)} = Qi’k(ﬂ). (6.2)

Gec(©r) 4Co

Fix a sequence {G,;r > 1} of smooth functions dense in L([0, T], H'(D?)). For any
positive integers m, [, let

B}, = [ﬂ € D([0, T], M4 x M%); max 81 (m) < l}.
1<i<d

Since, for fixed G in C°(27) and 1 <i < d integer, the function QIG,( is continuous, B, is
a closed subset of D([0, T'], M).

Lemma 6.4 There exists a finite constant Cy, depending on T, such that for any positive
integers r, | and any sequence {n"; N > 1} of configurations with n™ in Xy,

- 1 B
MmN log QnN[(B,I;,l) 1< —1+Co,
where k=0, ...,d.

Proof Forintegers 1 <k <r and 1 <i <d, by Chebychev inequality and by Lemma 6.3,

— 1 ~
lim Na log]P’nN[Qf,Z’ > < -1+ Cy.

N—oo
Hence, from
lim ilog(aN +by) §max{ lim ilogaN, lim L1ong}, (6.3)
N—oo N4 N—oo N4 N—oo N4
we obtain the desired inequality. ]

Lemma 6.5 There exists a finite constant Cy, depending on T, such that for every G in
C>®(Qr) x [CX(D], and every sequence {n"; N > 1} of configurations with n™ in Xy,

- 1 4 T d d i ) T i
W, v tog [exp[N / >yt 0,04 f [ <6y t+ [ G ar .
In particular, we have that if (p, p) is the solution of (3.2), then
d - .
sup Z[/ dS/ duam(P,P)~8uiG—Z/ d[/ duxv(p,p)[ﬁ_auiG]Z},
0 D 0 Dd

Geey’@r) i=1 vev

is finite, and vanishes if T — 0.

@ Springer



682 J. Farfan et al.

Proof Applying Feynman-Kac’s formula and using the same arguments of Lemma 3.3
in [12], we have that

1 T d d
~a 102 Euy [exp{N /0 ds Y Y Y Te(ne(9) — Ie(ne—, (s)))au,.Gk<s,x/N)H

i=1 k=0 , d
i=1 lEDN
iS bounded abO\/e by

1 T
—/ ANds,
Nd J, °

where AY is equal to

sup{<NZ D () — I(n(x — €)))d,, G* (5, x/N), f> + N Ly T ﬁw},

ik GD‘I

where the supremum is taken over all densities f with respect to vY. By Proposition 6.1,
the expression inside brackets is bounded above by

N?
CN'—=—Dpy(H+3. > {Na,, G* (s, x/N) / [ (ne) = T e,)]f(n)vN(dn)}

ik xeD‘l

‘We now rewrite the term inside the brackets as

IS {/N(v 0, G s, 5/ N, v)—n(x—ez,v)]f(n)vN(dn)}

VeV i= lxeDd

Writing n(x, v) — n(x —e;, v) = n(x, V)[1 = n(x —e;, V)] = n(x — e, v)[1 —n(x,v)], and
applying the same arguments in Lemma 3.8 of [12], we obtain that

N -0, G (s, x/N)) / 1, v) — 1(x — e, )1 () (dn)
< (3-8, G (s, x/N)) f nG I = n(x —en, 1L )dvY

2
/f(n* >[( VeV )} v (dn)

N2 / VTG0 = Fap Py @)

4205 3, G (s, x/N)) f 0 VI = n(x — e, I/ F@)

(a2 (dn),

we have that (/F () + /F (74502 < 2(f () + f(*~%?)). An application of the
replacement lemma (Lemma 3.7 in [12]) concludes the proof. a
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6.3 Upper Bound

Fix a sequence {F;; j > 1} of smooth functions dense in C (D9) for the uniform topology,
with positive coordinates. For j > 1 and § > 0, let

Dj; = {n € D([0, T1, My x MY); (], Fj)|
< 17"|V|/ Fj(x)dx+C;8,k=0,...,d,0<t < T},
D4

where #° = 1 and ¥ =9, C; = || VF; |« and VF is the gradient of F. Clearly, the set D, s,
j>1,8>0,is aclosed subset of D([0, T'], M x M%), Moreover, if

m
Em.(s = m Dj,Bs
Jj=1

we have that D([0, T], M°) = mnzl ﬂmzl E,. 1/- Note, finally, that for allm > 1, § > 0,
alve belongs to E,, s for N sufficiently large. (6.4)

Fix a sequence of configurations {n"; N > 1} with »" in Xy and such that 7"V (")

converges to y (u)du in M, x M?. Let A be a subset of D([0, T], M4 x M%),
L logP o[V € Al = - log B v [MH (M)~ 1{z™ < A
WOg NIt € ]—WOg N IME ( 7) {r" € A}l
Maximizing over 7" in A, we get from (6.1) that the last term is bounded above by
. ~ 1 _ dVH _
— inf Jy (7°) + WlogEnw[M;' e NNl —ch(e) — cH(NTH.

Since 7 (n™) converges to y (u)du in M, x M and since Proposition 6.2 holds for ]P’: =

P~ MH in place of P, v, the second term of the previous expression is bounded above by
some Cg (g, N) such that

lim lim Cg(e, N)=0.
e—>0N—>o00
Hence, for every ¢ > 0, and every H in Q:(l)’z(Q_T),
— 1 . 7 & ’
ngrgo Ve logP,~[A] < —;relﬁ Ju (@) + Cy(e), (6.5)
where lirr(l) Cy(e) =0.Let
e—
d o
B = {n € D([0. T], My x M%); max O () < 1},

1<j<r
1<i<d k=0

@ Springer
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and, foreach H € @ 2(Qr),eache >0 andanyr,l,m,n € Z,,let J” D0, T], Mo x
M%) = R U {oo} be the functional given by

fH(T[E) ifﬂ'eBr,[mEm,l/nv

+00 otherwise.

T ) = !

This functional is lower semicontinuous because o is J, H o B¢ and because B, E,, 1/, are
closed subsets of D([0, T], M4 x M9).
Let O be an open subset of D([0, T'], M, x M9). By Lemma 6.4, (6.3), (6.4) and (6.5),

1
Aim N log Q,~[O]
1 1 .
< max Nh—I}go W IOg Q,]N [on B, N Em.l/n]7 1\}1_1;20 W 10g QnN [(Br,l) ]

< max[— it Ju(r®) + Cly(e), —I +C0]
T €ONBy INEy 1/n

1,
== Jnf Ly (o,

where
Lilmn(n_)_mln{ rlmn(n) C}.](S),Z—C()}
In particular,
7 1 rl,m,n
Jim 7 log OIOT <~ sup inf Lip"" ().
Note that, for each H € €§*(Q2r), each ¢ > 0 and r, 1, m, n € Z, the functional Lrl s

is lower semicontinuous. Then by Lemma A2.3.3 in [10], for each compact subset IC of
D([Ov T]a M+ X Md)s

lim — logQ ~v[K]<—inf sup L’Hl;”"( ).
N—oo N

NEKHerlmn
By (6.2) and since D([0, T1, M%) =(,=; Ny=1 Em.1/n>

lim lim Tim Tim lim L7/"" ()
£—01— 00 r—00 m—00 n—00 ’

| Jum) if Q) <ocoand w € D([0, T], M),
| +oo otherwise.

This result and the last inequality imply the upper bound for compact sets because J y and

Jy coincide on D([0, T], M?). To pass from compact sets to closed sets, we have to obtain

exponential tightness for the sequence {Q,~}. This means that there exists a sequence of

compact sets {KC,; n > 1} in D([0, T'], M, X M¢4) such that

1 .
Aim =7 log @y (K) < —n.

The proof presented in [2] for the non interacting zero range process is easily adapted to our
context.
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6.4 Lower Bound

The proof of the lower bound is similar to the one in the convex periodic case. We just
sketch it and refer to [10, Sect. 10.5]. Fix a path 7 in IT and let H € (’I(l)’z(Q_T) be such
that 7 is the weak solution of (4.9). Recall from the previous section the definition of the
martingale M/ and denote by ]P’:N the probability measure on D([0, T], Xy) given by

PH [A] = E,v[MF1{A}]. Under P# and for each 0 <t < T, the empirical measure 7,
n n
converges in probability to . Further,

1 H
Jim 2 H (P, |P,v) = Ir(ly),

where H (u|v) stands for the relative entropy of © with respect to v. From these two results
we can obtain that for every open set @ C D([0, T], M, x M) which contains 7,

. 1
lim WIOanN [0] = —Ir(z]y).

N—oo

The lower bound follows from this and the I7 (| )-density of IT established in Theorem 5.5.
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